Abstract-The accurate analysis of optical waveguides is an important issue when designing devices for optical communication. Waveguides combined with liquid crystals have great potential because they allow waveguide tuning over a wide range using low voltages. In this paper, we present calculations that combine an advanced algorithm for calculating liquid crystal behavior and a finite-element mode solver that is able to incorporate the full anisotropy of the materials. Calculation examples demonstrate the validity of our program.
to their large electro-optic coefficient they are nowadays massively used in display applications. For this reason, many groups have proposed configurations in which moderate voltages are used to change the orientation of the liquid crystal, which in turn alters the properties of the waveguide. The liquid crystal can be used either as a tunable cladding material [1] [2] [3] [4] [5] or as the guiding material itself [6] , [7] . Even the large nonlinearity of the liquid crystal can be exploited to form self-induced waveguides [8] [9] [10] . Moreover, commercial devices are currently used in long haul fiber communication networks.
Nematic liquid crystals are organic, anisotropic liquids that are characterized by a degree of orientational, but not positional order while still preserving the mobility of liquids. The molecules are typically elongated and the orientational order leads to uniaxial properties. Due to the anisotropy of the dielectric properties, the molecules tend to align either along or perpendicular to externally applied electric fields. This means that the orientation of the molecules can be changed by voltages applied at electrodes. This change in orientation induces a change in the optical properties. The modeling of the liquid crystal orientation in a complex geometry is a difficult problem because a number of nonlinear equations need to be solved simultaneously. In this paper, a variable order calculation [11] was used based on the minimization of the Landau-de Gennes free energy functional [12] . The model is implemented in a finite-element scheme. Due to the incorporation of the variable degree of order of the liquid crystal, the program is able to model disclinations where there is a rapid variation in the order parameter. When liquid crystals are used in combination with for example rib waveguides, the behavior of the liquid crystal near edges can be modeled in an accurate way with our simulation tool.
Optical modeling of the liquid crystal is complicated by the optical anisotropy and non-uniformity. The optical tensor in the general case can contain up to six nonzero different components. Often the problem is handled with some approximations in terms of the anisotropy or in terms of dimensionality [7] , [13] , [14] . Transverse anisotropy means that and are zero, while the incorporation of longitudinal anisotropy means that also these terms can be nonzero. Longitudinal anisotropy leads to off-axis energy transfer of the extraordinary polarization component [15] [16] [17] . The ordinary polarization component does not exhibit an off-axis deviation. A number of modesolver algorithms have been proposed in the past in which only transverse anisotropy has been included [18] [19] [20] [21] [22] [23] [24] [25] . Other algorithms do include full anisotropy of the dielectric tensor and a classification can be made in terms of the fields that are used to 0733-8724/$26.00 © 2009 IEEE formulate the eigenvalue equation. In [26] , [27] the eigenvalue problem is formulated in terms of all electric and magnetic field components , while in [28] only the transverse components of both fields are used . In [29] and [30] , the magnetic field components are used . A formulation in terms of the electric fields is presented in [31] , but no results are presented for a full anisotropy of . Recently a formulation in terms of the electric fields including higher order edge elements is presented for the analysis of photonic crystals with full anisotropy, but the wave number is treated as an input parameter while the frequency is calculated [32] . In this paper, we have implemented a full vectorial mode solver in terms of the electric fields with the frequency as an input. Higher order edge elements are used, which offer a higher computation efficiency compared to previous works and avoids spurious modes. The strength of our simulation is that it is directly coupled with an advanced liquid crystal calculation [11] .
In Section II, the theory and algorithms that are used for the simulation program are discussed. Section III assesses the accuracy of the numerical model, through comparison with theoretical results for an anisotropic slab waveguide, while Section IV shows results for a rib waveguide. In Section V the modes of a rib waveguide surrounded by a liquid crystal cladding are calculated and analyzed.
II. FINITE-ELEMENT MODE SOLVER
The mode solver is based on the solution of the Helmholtz equation for the electric field (1) and the boundary condition (2) equivalent to a perfect electric conductor. The corresponding variational problem is given by [33] on (3) where (4) Since modes that propagate along the direction are sought, the field is assumed to be of the form , which yields
In this equation, denotes the transverse nabla operator containing only and derivatives. and denote the transverse and longitudinal component of the field, respectively. Applying the substitutions and and multiplying by gives
The domain is meshed by triangular elements, and the field components discretized by and , where and are the local shape functions [34] . Finally the Rayleigh-Ritz procedure [33] is applied to obtain a matrix eigenvalue system that can be solved for the propagation constant . (7) in which
This equation is a quadratic eigenvalue problem [35] , which simply reduces to a linear eigenvalue problem in the case of pure transverse anisotropy. In the general case, this quadratic eigenvalue problem can be reduced to a linear system by doubling the number of unknowns [35] . The array of unknowns is extended by . The matrices may be extended in a number of ways, but in order to maintain the symmetry of the right hand side matrix the following form is used (13) Alternatively, the longitudinal components from (7) may be eliminated, resulting in the following quadratic eigenvalue problem: (14) Similarly, via extension, this form may be reduced to a linear eigenvalue problem. Although this second method produces matrices of smaller order, the first method is preferable because the sparsity of the matrices involved is maintained, allowing for a shorter calculation time.
For the discretization, the cross-section is subdivided into triangular elements using hybrid edge/nodal elements. Edge elements are used for the transverse fields, while the longitudinal field component is represented by nodal elements. Three types of finite-element discretizations have been implemented: constant tangential and linear normal (CT/LN), linear tangential and linear normal (LT/LN) and linear tangential and quadratic normal (LT/QN) vector basis functions [34] . The use of these vector elements greatly reduces the appearance of spurious modes in the eigenvalue calculation [36] .
The disadvantage of the transformation for full anisotropy is a doubling in length of the solution vector. Associated with this is an increase in the number of degrees of freedom and memory requirements. This doubling can be avoided by using an iterative scheme to solve the quadratic eigenvalue problem [30] or by rearranging the equation to give an eigenvalue problem with an eigenvalue of . The expanded eigensystem is free of spurious solutions and the matrices involved are highly sparse. There are a number of non-valid solutions with eigenvalues zero for which . These non-valid solutions must not be confused with any kind of spurious modes since their origin is an algebraic transformation [31] . These are trivial to recognize and discount. In the expanded system the number of non-valid solutions is twice the number of unknowns in . Compared with the reduced system that arises in the case of purely transverse anisotropy, the expanded system gives twice the number of modes, corresponding to both forward and backwards propagating modes. Due to the reciprocity of the liquid crystal the field patterns for these modes is identical.
Representation in terms of the magnetic field components is often preferred in finite-element calculations using nodal elements. This is because for optical waveguiding situations all magnetic field components are continuous across material interfaces (assuming all materials involved having the same magnetic permeability). Electric field components normal to the interfaces will be discontinuous and in nodal finite element calculations this will require a special treatment of these interfaces. Nodes must be doubled at interfaces to allow for the aforementioned discontinuity. A vector finite-element representation can be made to satisfy continuity of the field components tangential to element sides, so if these are chosen on interfaces, they will satisfy the correct boundary condition for E and H fields. No implication is made on the normal components and this allows the discontinuity of the normal electric field. Under these circumstances, electric fields are the most natural choice. 
III. ONE-DIMENSIONAL STRUCTURE
In order to assess the accuracy of the numerical model, modes of an anisotropic slab waveguide have been calculated both theoretically and using the finite-element mode solver. The structure, a symmetric slab waveguide, is shown in Fig. 1 . The optical parameters are uniform in each region and periodic boundary conditions have been implemented so that the structure is one dimensional. Since we are interested in a case where longitudinal anisotropy appears, in the Appendix the configuration with nonzero and zero and is considered. In this case, the dispersion relation (18) can be extracted analytically. Only the TM calculation is carried out because the TE modes in this case are the same as in the isotropic case with refractive index . Calculations were carried out for m and . For the sake of simplicity a uniaxial core material with and is considered in this example. Several calculations were performed, varying the angle of the optic axis with respect to the axis in the range from 0 to 90 . For 45 the waveguide is monomode and the effective index of the TM0 mode is 1.638595, calculated with the analytic formula (18) . The comparison of the results obtained with the finite element solver [see Fig. 2(a) ], shows that the value obtained with the CTLN elements converges to the same value as the LTQN elements. However, with the LTQN elements, the effective index converges faster to the desired solution as the number of degrees of freedom are increased (the number of degrees of freedom is equal to the sum total of nodal and edge variables). The superiority of the LTQN elements is in agreement with previous results [34] in isotropic media.
In Fig. 2(b) the values of the effective index as a function of the angle are plotted for LTQN elements with 1576 degrees of freedom. The theoretical values, obtained with (18) are also plotted and the two curves are indistinguishable. The relative error compared to the theoretical value remains below . The modes obtained with the finite element solver show a linear increase in phase along the direction in the core layer as is expected theoretically from (17).
IV. SIMPLE ANISOTROPIC RIB WAVEGUIDE
The second example is a simple square waveguide. The core guiding layer consists of a uniaxial material with , with the optic axis making an angle of 45 with respect to the axis. The dimensions are shown in Fig. 3(a) . In Fig. 3(b) the effective index of the fundamental mode is shown as a function of the degrees of freedom. It is clear that also for anisotropic cases the higher order LTQN elements are superior. Even with few elements, the effective index is very close to the final value.
V. RIB WAVEGUIDE WITH LIQUID CRYSTAL CLADDING
In order to show the full capabilities of the numerical model, we consider a rib waveguide of 1 by 1 m surrounded by liquid crystal material as in Fig. 4 . Two uniform electrodes apply a voltage across the liquid crystal layer. At zero voltage the liquid crystal is oriented along the axis. There is a pretilt of 2 at the upper surface of the liquid crystal layer and there is no pretilt at the lower boundary surface. From a technological viewpoint, this can be achieved by using conventional rubbing of the upper surface and polarized UV curing of the alignment layer for the lower surface, [37] . Additionally the corners of the rib waveguide also tend to induce longitudinal alignment [38] . Simulations have been performed for parameters of the liquid crystal ZLI-4972 [39] ( , , , , pN, pN, and pN). The refractive index of the core and the cladding . These values of refractive index are typical of materials used in polymer waveguides.
The results of the liquid crystal calculation are shown in Fig. 5 . For 0 V, the liquid crystal layer has a tilt angle decreasing from the pretilt value to zero from top to bottom. In this case the quasi-TM and quasi-TE modes are nearly degenerate because the configuration is nearly the same along the and directions, mainly due to the fact that the governing refractive index of the liquid crystal layer is , which is close to the refractive index of the bottom layer. When the voltage is increased from 0 to 2 V, the liquid crystal reorients reaching a maximum tilt of approximately 45 in the middle of the layer. Above the rib waveguide the maximum tilt is smaller (about 30 ), due to the voltage drop across the dielectric region of the rib waveguide. Reorientation of the liquid crystal has the strongest influence on the effective index in the vicinity of the waveguide core. However, in this region reorientation is restricted by anchoring forces. For 4 V the tilt reaches a maximum of 80 throughout the layer and 65 above the rib waveguide. Due to the anisotropy, a difference will be induced between the and polarized mode. The polarized mode will see a larger index of refraction while the polarized mode will not see this increase. Fig. 6 shows the mode profiles for different voltages. For zero voltage, the TM mode profile is symmetric, because the index seen by the transverse fields is , which is close to the refractive index of the bottom layer. For 10 V the TM mode extends more into the liquid crystal layer because the polarized field sees a refractive index . Fig. 7 shows the evolution of the effective index of the TM and the TE mode as a function of the applied voltage. One can see clearly that the effective index of the TE mode remains approximately the same while the effective index of the TM mode increases with increasing voltage. This is to be expected because the polarization sees for low voltages and for high voltages. For voltages around 6 V the director orientation in the bulk is nearly parallel to the axis. However the effective index still increases for higher voltages. This is due to the increase in tilt of the liquid crystal in the neighborhood of the rib waveguide. The gradient in the tilt of the molecules near the edges of the rib waveguide becomes steeper with increasing voltage. The change in effective index that we achieve is 0.015 for a liquid crystal with a birefringence of 0.094, this means roughly 15% of the liquid crystal birefringence. The ratio of the change in effective index over the liquid crystal birefringence is strongly related to the relative amount of power of the mode that is present in the liquid crystal cladding.
Note that the TE mode shows a small decrease in effective index. This is because the component of the field sees for low voltages and for high voltages. When the refractive index contrast between the waveguide and cladding increases, the amplitude of the component of the field increases relative to the component. As a result, the influence of the component of the optical tensor becomes more important in comparison to the evolution of the component.
VI. CONCLUSION
A computational model that predicts both the liquid crystal orientation and the optical mode properties of waveguides containing liquid crystals has been presented. Comparison with analytic results proves the validity of our model. Results for a rib waveguide surrounded by liquid crystal material show that the effective index of the TM mode can be tuned over a wide range, which is limited mainly by the birefringence of the liquid crystal. The program is freely available at http://www. elis.ugent.be/ELISgroups/lcd/research/modesolver.php.
APPENDIX MODES OF AN ANISOTROPIC SLAB WAVEGUIDE
For a slab waveguide, there is no variation in the direction. Assuming that the wave propagates in the direction, we insert and into Maxwell's equations. In the case of full anisotropy (a full tensor ) it is not possible to split the problem into a pure TM and a TE part and the modes will be hybrid in nature [40] . Separation is only possible when the elements and are zero. This allows for longitudinal anisotropy, which we use for comparison with the numerical results. In this case, the TE problem is the same as in the isotropic case, with the refractive index determined by . For the TM problem, the governing equations are (15a) (15b) (15c) and elimination of and in the TM problem leads to (16) Substituting the solution in the TM equation leads to the following solutions for (17) This equation shows that the TM mode displays a linear phase change along the thickness of the slab. This is analog to the double refraction that causes a change in propagation direction between the ordinary and extraordinary wave in a uniform uniaxial medium. When we consider a symmetric slab waveguide with an isotropic cladding and apply the boundary conditions for the transverse field components the following dispersion relation is obtained: (18) In this equation , and and is the thickness of the core layer. This dispersion relation results in a discrete set of values for . The guided modes must fulfill the following condition: He is working as a Research Fellow in the Liquid Crystal Modelling Group, University College London. His research interests include modeling of LC devices for displays and communications.
